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ABSTRACT 
 

In this paper, we establish common fixed point theorems for four self maps using probabilistic nearly 
densifying mappings and extend the results of Aeshah Hassan Zakri et al. [18] in the framework of 
probabilistic S- metric spaces. Probabilistic S- metric space is the extended notion of S- metric spaces 
and Menger probabilistic metric spaces. 
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Introduction 

In 1942, Karl Menger [11] introduced the generalization of metric spaces involving probabilistic 
distance. Main structures of probabilistic metric space defined by B. Schweizer and A. Skalar [14]. 
Probabilistic 𝑆𝑏-metric spaces introduced by A. Kalpana and M. Saraswathi (2020) [9]. Kuratowski [10] 
introduced the notion of non-compactness of bounded subset of a metric spaces. Furi and Vignoli [6] 
were motivated by the results of Kuratowski and they introduced the notion of densifying or condensing 
mapping in terms of measure of Kuratowski and produced results in fixed points. Bocsan and Constantin 
[2] introduced the notion of Kuratowski’s measure of non-compactness in Probabilistic metric spaces. 
Bocsan [3] studied the notion of probabilistic densifying mappings. Later, Hadžić [8], Tan [17], Chamolaet 
al. [4], Dimri and Pant [5], Pant et al. [12-13] and Singh and Pant [15] proved some results. Ganguly et al. 
[7] introduced the notion of probabilistic nearly densifying mappings. Aeshah Hassan Zakriet al. [18] 
proved results for probabilistic nearly densifying mappings.     

Preliminaries 

• Definition2.1 [1]Let(X, S, τ) is probabilistic S -metric spaces with a continuous t – norm and A 
be a nonempty subset of X. Then a function 𝐷𝐴 defined by   

𝐷𝐴(𝑥) = sup
𝑡<𝑥

 { 𝑖𝑛𝑓
𝑢,𝑣,𝑤 𝜖 𝐴

𝐹 𝑢,𝑣,𝑤 (𝑡)}is called the probabilistic diameter of A. 

• Definition 2.2[14] A binary operation T: [0, 1] × [0, 1]→ [0, 1] is a continuous t-norm ifit satisfies 
the following conditions: 

▪ T is commutative and associative, 

▪ T is continuous, 

▪ T (p, 1) = pfor all p∈ [0, 1], 

▪ T (p, q) ≤ T (r, s) whenp≤ rand q≤ s, and p, q, r, s∈ [0, 1]. 

• Definition 2.3[10]For a probabilistic bounded subset A of X, 𝛼𝐴(x) defined by 𝛼𝐴(x) = sup {ε ≥ 0: 

There exists a finite cover A of A such that 𝐷𝑄(x) ≥ ε for all Q ∈A} is called Kuratowski’s function. 
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Kuratowski's function meets the following criteria: 

▪ 𝛼𝐴∈ ∆+ , the set of distribution function. 

▪ 𝛼𝐴(x) =𝐷𝐴(x); 

▪ If S ≠ A ⊂ B ⊂ C ⊂ X , then 𝛼𝐴(x) ≥ 𝛼𝐵(x) ≥ 𝛼𝐶(x); 

▪ 𝛼𝐴∪B∪C(x) = min{𝛼𝐴(x),𝛼𝐵(x),𝛼𝐶(x)} 

▪ Let 𝐴̅ be the closure of A in the (ε, λ) topology on X; then 

▪ 𝛼𝐴̅(x) = 𝛼𝐴(x) 

▪ A is probabilistic precompact (totally bounded) if 𝛼𝐴 = H,  

Where H is defined as distribution function. 

𝐻(x) = {
0,       𝑥 ≤ 0
1,        𝑥 > 0

 

• Definition 2.4[18] Let K be a family of self mappings in X. A subset Z of X is said to be K- 
invariant if kZ ⊆ Z for all k ∈ K. 

• Definition 2.5[18] Let 𝐾∗ be the semigroup generated by K under composition *.  

{𝑘∗ : n ≥ 0} ⊆𝐾∗ for any k ∈ K and 𝐾∗ (u) = {u} ∪ {ku : k ∈𝐾∗ } for any u ∈ X. 

• Definition2.6Let (X, S, T) be a probabilistic S- metric space. A continuous mapping f of X into 
itself is said to be probabilistic densifying mapping if and only if, for every subset of X, 𝛼𝐴 <
𝐻 implies 𝛼𝑓(𝐴)>𝛼𝐴. 

• Definition 2.7 A self mapping f of X into itself is said to be probabilistic nearly densifying 

mapping if  𝛼𝑓(𝐴)>𝛼𝐴, whenever 𝛼𝐴 < 𝐻, A ⊂ H and A is f- invariant. 

• Definition 2.8 [14] The set of all distance distribution functions is denoted by ∆ and distribution 
functions which satisfy F (0) = 0 are called ∆+.  

Distribution function F: (−∞, +∞) → [0, 1], is left-continuous at every real point, non-decreasing 
and satisfies F (−∞) = 0 and F (+∞) = 1. 

Distance distribution function is given byε
0(t) = {

0,       𝑡 ≤ 0
1,        𝑡 > 0

 

• Definition 2.9[16]S-metric spaces: Let X be a nonempty set, pair (X, S) be S-metric 
space.S-metric on X is a function S: X3 → [0, ∞) that satisfies the following properties, for each 
p, q, r, a∈X; 

▪ S (p, q, r) ≥ 0; 

▪ S (p, q, r) = 0 if and only if p = q = r; 

▪ S (p, q, r) ≤ S (p, p, a) + S (q, q, a) + S (r, r, a).  

• Definition 2.10 Probabilistic S-metric spaces:Let X is a nonempty set, τ is a triangle function 
and ∆+is a probability distribution function, then S:X×X×X→∆+is a mapping satisfies the 
following, 

▪ 𝑆(𝑝,𝑝,𝑝)=ε0 

▪ If p ≠ q then  𝑆(𝑝,𝑝,𝑞) ≠ε
0 

▪ If𝑆(𝑝,𝑞,𝑟)≥τ (𝑆(𝑝,𝑝,𝑠), 𝑆(𝑞,𝑞,𝑠),𝑆(𝑟,𝑟,𝑠)) 

 Distance distribution function is given by ε
0(t) = {

0,       𝑡 ≤ 0
1,        𝑡 > 0

 

for all p, q, r, s ∈ X. Then (X, S, τ) is called an extended notion of probabilistic S -metric spaces. 

Main results 

• Theorem 1. Let A, B, C and D be four continuous and nearly densifying self – mapping on a 
complete probabilistic S- metric spaces (S, X, T) where sup x × x × x =1 and D commutes with 

A, B and C. If for all x < 1, u, v, w ∈X, the following conditions are satisfied, 

𝑆1(Au, Bv, Cw) > min{𝑆2(Du, Dv, Dw),𝑆2(Du, Au, Au), 𝑆1(Dv, Bv, Bv),𝑆3(Dw, Cw, Cw),  
𝑆1(𝐷𝑣,𝐵𝑣,𝐵𝑣)𝑆2(𝐷𝑢,𝐴𝑢,𝐴𝑢)𝑆3(𝐷𝑤,𝐶𝑤,𝐶𝑤)

𝑆2(𝐷𝑢,𝐷𝑣,𝐷𝑤)
}       (1) 
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For Du ≠Dv ≠ Dw, Au ≠ Bv ≠ Cw 

𝑆2(Au, Cv, Bw) > min {𝑆3(Du, Dv, Dw),𝑆3(Du, Au, Au), 𝑆2(Dv, Cv, Cv),𝑆1(Dw, Bw, Bw),   
𝑆1(𝐷𝑤,𝐵𝑤,𝐵𝑤)𝑆2(𝐷𝑣,𝐶𝑣,𝐶𝑣)𝑆3(𝐷𝑢,𝐴𝑢,𝐴𝑢)

𝑆3(𝐷𝑢,𝐷𝑣,𝐷𝑤)
}     (2) 

For Du ≠ Dv ≠ Dw, Au ≠ Cv ≠Bw 

𝑆3(Cu, Bv, Aw) > min {𝑆1(Du, Dv, Dw),𝑆1(Du, Cu, Cu), 𝑆3(Dv, Bv, Bv),𝑆2(Dw, Aw, Aw),   
𝑆1(𝐷𝑢,𝐶𝑢,𝐶𝑢)𝑆2(𝐷𝑤,𝐴𝑤,𝐴𝑤)𝑆3(𝐷𝑣,𝐵𝑣,𝐵𝑣)

𝑆1(𝐷𝑢,𝐷𝑣,𝐷𝑤)
}      (3) 

For Du ≠ Dv ≠ Dw, Cu ≠ Bv ≠Aw 

 Where 𝑆1, 𝑆2, 𝑆3 are real valued mappings from X×X×X to ∆+ a collection of all distribution 

functions with any of  𝑆1, 𝑆2 or 𝑆3 being upper semicontinuous then A and D or B and D or C and D have 
coincidence point. 

Proof. For 𝑥0∈ X, let F = K(𝑥0) and E = 𝐴𝐵𝐶𝐷 

F = {𝑥0}∪ A(F)∪ B(F)∪ C(F) ∪ D(F)  

If 𝛼𝐹< H then  𝛼𝐹 = 𝛼{𝑥0}∪𝐴(𝐹)∪𝐵(𝐹)∪𝐶(𝐹)∪𝐷(𝐹) 

min{𝛼{𝑥0}∪𝐴(𝐹)∪𝐵(𝐹)∪𝐶(𝐹)∪𝐷(𝐹)}>𝛼𝐹 

Which contradicts assumption, hence 𝐹̅ is precompact. 

Let G = ⋂ (𝐴𝐵𝐶𝐷)𝑛∞
𝑛 = 0 (𝐹̅) 

Then EG = G, G is nonempty compact subset of E. The continuous nature of A, B, C, and D results in 
them following that. 

A𝐹̅ ⊂ 𝐹̅, 𝐵𝐹̅ ⊂ 𝐹̅, 𝐶𝐹̅ ⊂ 𝐹̅, 𝐷𝐹̅ ⊂ 𝐹̅ 

 A(𝐺̅) ⊂ 𝐺̅, 𝐵(𝐺̅) ⊂ 𝐺̅, 𝐶(𝐺̅) ⊂ 𝐺̅, 𝐷(𝐺̅) ⊂ 𝐺̅ 

Now D(G) = ⋂ 𝐷(𝐴𝐵𝐶𝐷)𝑛∞
𝑛 = 0 (𝐹̅)⊆⋂ (𝐴𝐵𝐶𝐷)𝑛∞

𝑛 = 0 𝐷(𝐹̅)⊆ G 

G = ABCD(G) = DABC(G) ⊂ 𝐷𝐴𝐵(𝐺) ⊂DA(G) ⊂ 𝐷(𝐺) 

Which implies D(G) = G 

Let 𝑆1 is upper semicontinuous then T : G → 𝜏  defined by T(u) = 𝑆1(𝐷𝑢, 𝐵𝑢, 𝐵𝑢) 

is upper semi continuous. Let T assumes its maximal value of same point q in G. If q ∈𝐷2(G) so there is 

m ∈ G such that q = 𝐷2(m) 

Suppose neither A and D or B and D or C and D have coincidence point then 

T(ABC(m)) = 𝑆1(𝐷𝐴𝐵𝐶(𝑚), 𝐵2𝐴𝐶(𝑚), 𝐵2𝐴𝐶(𝑚)) 

           = 𝑆1(𝐴𝐷𝐵𝐶(𝑚), 𝐵2𝐴𝐶(𝑚), 𝐶𝐵2𝐴(𝑚)) 

>min {𝑆2(DDBC(m), DABC(m), D𝐵2𝐴(𝑚)),𝑆2(DDBC(m), ADBC(m), ADBC(m)), 𝑆1(DABC(m), BABC(m), 

BABC(m)),𝑆3(D𝐵2𝐴(𝑚), C𝐵2𝐴(𝑚), C𝐵2𝐴(𝑚)),   

𝑆1(𝐷𝐴𝐵𝐶(𝑚), 𝐵𝐴𝐵𝐶(𝑚), 𝐵𝐴𝐵𝐶(𝑚))𝑆2(𝐷𝐷𝐵𝐶(𝑚), 𝐴𝐷𝐵𝐶(𝑚), 𝐴𝐷𝐵𝐶(𝑚))𝑆3(𝐷𝐵2𝐴(𝑚), 𝐶𝐵2𝐴(𝑚), 𝐶𝐵2𝐴(𝑚))

𝑆2(𝐷𝐷𝐵𝐶(𝑚), 𝐷𝐴𝐵𝐶(𝑚), 𝐷𝐵2𝐴(𝑚))
} 

= 𝑆2(DDBC(m), DABC(m), D𝐵2𝐴(𝑚)) 

T(ABD(m)) = 𝑆2(𝐷2𝐴𝐵(𝑚), 𝐶𝐴𝐵𝐷(𝑚), 𝐶𝐴𝐵𝐷(𝑚)) 

          = 𝑆2(𝐴𝐷2𝐵(𝑚), 𝐶𝐴𝐵𝐷(𝑚), 𝐵𝐶𝐴𝐷(𝑚)) 

> min{𝑆3(𝐷3𝐵(m), 𝐷2𝐵𝐴(m),𝐷2𝐶𝐴(m)),𝑆3(𝐷3𝐵(m), AB𝐷2(𝑚), AB𝐷2(𝑚)), 𝑆2(𝐷2𝐵𝐴(𝑚), CBAD(m), 

𝐵2𝐴𝐷(𝑚)),𝑆1(𝐷2𝐶𝐴(m), BCAD(m), BCAD(m)),  

 
𝑆1(𝐷2𝐶𝐴(𝑚),𝐵𝐶𝐴𝐷(𝑚),𝐵𝐶𝐴𝐷(𝑚))𝑆2(𝐷2𝐵𝐴(𝑚),𝐶𝐵𝐴𝐷(𝑚),𝐵2𝐴𝐷(𝑚)) 𝑆3(𝐷3𝐵(m),AB𝐷2(𝑚),AB𝐷2(𝑚))

𝑆3(𝐷3𝐵(𝑚),𝐷2𝐵𝐴(𝑚),𝐷2𝐶𝐴(𝑚))
} 

= 𝑆3(𝐷3𝐵(m), 𝐷2𝐵𝐴(m),𝐷2𝐶𝐴(m)) 

T(ACD(m)) = 𝑆3(𝐷2AC(m), BACD(m), BACD(m)) 

          =𝑆3(𝐶𝐷2𝐴(m), BACD(m), BACD(m)) 

> min {𝑆1(𝐷3𝐴(𝑚), 𝐷2𝐴𝐶(𝑚),𝐷2𝐵𝐶(𝑚)),𝑆1(𝐷3𝐴(𝑚), 𝐷2𝐶𝐴(𝑚), 𝐷2𝐶𝐴(𝑚)), 𝑆3(𝐷2𝐴𝐶(𝑚), BACD(m), 

BACD(m)),𝑆2(𝐷2𝐵𝐶(𝑚), ABCD(m), ABCD(m)),   
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𝑆1(𝐷3𝐴(𝑚), 𝐷2𝐶𝐴(𝑚), 𝐷2𝐶𝐴(𝑚))𝑆2(𝐷2𝐵𝐶(𝑚), 𝐴𝐵𝐶𝐷(𝑚), 𝐴𝐵𝐶𝐷(𝑚))𝑆3(𝐷2𝐴𝐶(𝑚), 𝐵𝐴𝐶𝐷(𝑚), 𝐵𝐴𝐶𝐷(𝑚))

𝑆1(𝐷3𝐴(𝑚), 𝐷2𝐴𝐶(𝑚), 𝐷2𝐵𝐶(𝑚))
} 

= 𝑆1(𝐷3𝐴(𝑚), 𝐷2𝐴𝐶(𝑚),𝐷2𝐵𝐶(𝑚)) 

= 𝑆1(𝐴𝐷𝑞, 𝐴𝐶𝑞,𝐵𝐶𝑞) = T(q) 

 Which contradicts q’s choice. Therefore, A and D or B and D or C and D have coincidence 

point.This result holds the same if  𝑆2 is upper semicontinuous. 

 This completes the proof of the theorem. 

• Theorem 2. (Uniqueness) Let A, B, C and D be as in theorem 1 satisfying (1), (2) and (3) have 
coincidence point m then Dm is unique common fixed point of A, B, C and D. 

Proof.  We have Am = Bm = Cm = Dm 

By commutative property of D with A, B and C, 

ABD(m) = BAD(m) = DDD(m) and BCD(m) = CBD(m) = DDD(m) or 

CAD(m) = ACD(m) = DDD(m) or 

ABD(m) = BCD(m) = CAD(m) = DDD(m) 

Let 𝐷3m ≠𝐷2m ≠ Dm then 

𝑆1(𝐷3m,𝐷2m, Dm) = 𝑆1(A𝐷2m, BDm, Cm) 

> min {𝑆2(𝐷𝐷2m, DDm, Dm),𝑆2(D𝐷2m, A𝐷2m, A𝐷2m), 𝑆1(DDm, BDm, BDm),𝑆3(Dm, Cm, Cm), 
𝑆1(DDm,BDm,BDm)𝑆2(D𝐷2m,A𝐷2m,A𝐷2m)𝑆3(Dm,Cm,Cm)

𝑆2(𝐷𝐷2m,DDm,Dm)
} 

= 𝑆2(𝐷𝐷2m, DDm, Dm) = 𝑆2(𝐴𝐷2m, CDm, Bm) 

> min {𝑆3(D𝐷2m, DDm, Dm),𝑆3(D𝐷2m, A𝐷2m, A𝐷2m), 𝑆2(DDm, CDm, CDm),𝑆1(Dm, Bm, Bm), 
𝑆1(Dm,Bm,Bm)𝑆2(DDm,CDm,CDm)𝑆3(D𝐷2m,A𝐷2m,A𝐷2m)

𝑆3(D𝐷2m,DDm,Dm)
} 

= 𝑆3(D𝐷2m, DDm, Dm) = 𝑆3(C𝐷2m, BDm, Am) 

> min {𝑆1(D𝐷2m, DDm, Dm),𝑆1(D𝐷2m, C𝐷2m, C𝐷2m), 𝑆3(DDm, BDm, BDm),𝑆2(Dm, Am, Am),   
𝑆1(D𝐷2m,C𝐷2m,C𝐷2m)𝑆2(Dm,Am,Am)𝑆3(DDm,BDm,BDm)

𝑆1(D𝐷2m,DDm,Dm)
 } 

= 𝑆1(D𝐷2m, DDm, Dm) 

Which contradicts our assumption. Hence 𝐷3m = 𝐷2m = Dm.  

Thus, Dm is fixed point of D and Dm = 𝐷2m = 𝐷3m = ABD(m) = BCD(m) = CAD(m). Therefore, 
Dm is common fixed point of A, B and C.  

The results of Theorem 11 ofAeshah Hassan Zakri et al. [18] are extended by the above 
theorem.  

Example: Let X is a nonempty set, τ is a triangle function and ∆+is a probability distribution function, 

then S:X×X×X→∆+is a mapping satisfies 

𝑆(𝑝,𝑞,𝑟)(t) = 
𝑡

𝑡+|𝑝−𝑞|+|𝑞−𝑟|+|𝑟−𝑠|
 such that t >0 

Where a function f(x) = 
𝑥

3
defined as densifying mapping if and only if, for every subset of X, 𝛼𝐴 <

𝐻 implies 𝛼𝑓(𝐴)>𝛼𝐴. In term, |𝑝 − 𝑞| = |
𝑝

3
−

𝑞

3
| =

1

3
|𝑝 − 𝑞|.  

Lemma: Let X is a nonempty set, τ is a triangle function and ∆+is a probability distribution function, then 

S:X×X×X→∆+. Where, (X, S, τ) is called probabilistic S -metric spaces. 

Let A and B bounded subsets of X. The function α is the Kuratowski measure of noncompactness. Then 
α (A ∪ B) = min {α (A), α (B)}  

α (A) = 0 implies that A is probabilistic precompact (totally bounded) if α (A) = α (𝐴̅). 

 

Conclusion 

Using probabilistic nearly densifying mappings in probabilistic S-metric spaces, we proved 
common fixed point theorems for four self maps and uniqueness of their fixed points, drawing inspiration 
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from the results of Aeshah Hassan Zakri et al. [18].We have shown terminology with example, and a 
lemma that is crucial to the paper. 
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